Neighbor-joining tree of thermal unfolding phenotypes in the TEAS M9 protein library. Raw fluorescence data were averaged (4 replicates), condensed into 100 bins, normalized such that the norm of each curve equals 1, and a 512x512 distance matrix calculated. The neighbor-joining tree was generated from these distances using Mega 5.2 78 . Clades were assigned based on tree topology and grouped into phenotypic families by average distance between clades. X-and Y-axes are temperature in °C and Norm Fl.U, respectively. Each clade is annotated with the superimposed thermofluor data from each mutant represented therein (grey curves) and the average of these curves highlights the characteristic profile of each clade (colored curves). Each plot is also labeled with the average Tms of the included mutants as well as the average concentration of purified protein used for each set of measurements. The range of Tm across the library is 36.8 -52.8 °C. Many unfolding curves have unfolding transitions that are too shallow to obtain a reliable Tm either because the protein concentration is too low or because the sample is already significantly unfolded. In Clade 2, a few mutants diverge significantly from the average (highlighted in burgundy), and in Clade 3, there are 7 standout mutants with higher Tm than WT (highlighted in dark Normalized MNE profiles capture the first order effect of each of the nine mutation sites. Gray shaded areas represent confidence bounds found by separating the data into training and validation sets. All MNE profiles were found to be significant based on the KL distance (Cover & Thomas 1991) between the distribution of projection onto the relevant dimension and the same distribution computed for randomly assigned mutations. This tests aims to compare significance relative to the cases where there is no association between mutations and changes in the thermal unfolding profile. (C) The strength of each library mutation is proportional to the KL distance between distributions of projections of the MNE profile onto the two populations of thermofluor curves. (D) The 9 library positions are displayed in the 3D active site structure of WT TEAS (PDB ID: 3M01) with a substrate analog 2fluoro-farnesyldiphosphate (2F-FPP) bound (grey sticks). The library amino acids are rendered as sticks covered by a 20% transparent van der Waals surface representation. A color gradient from green to blue indicates the norm with values ranging from ~11-94. Ray tracing fog feature was removed to ensure accuracy of color gradient. The preferred solubility profile is the linear combination of mutation frequencies at each position that most accurately predicts high solubility within the library. Y-axis represents each mutation's contribution to high solubility. (C) The mutation profiles are projected onto the preferred solubility profile, where the blue curve is the probability of mutation for the entire dataset, and the red curve is the probability of mutation given high protein solubility. While their averages change, the variances of the two distributions do not significantly change, indicating there is likely only one direction of change across the protein concentration dataset and an analogous covariance analysis was not necessary. Figure 6 . Second order MNE analysis reveals synergy between residues. (A) MNE profiles of second order effects from the 36 pairs of sites are shown in black and compared to the two first order MNE profiles that have been first scaled by the MNE norm. The difference between the two curves quantifies the temperature dependence of the double mutation nonlinearity, or the epistasis between the two positions. All MNE filters were found to be significant. (B) Synergy calculated from comparisons of expected MNE effects (red curve) and the calculated MNE effects (black curve). The magnitude of synergy (yellow shaded region) is exemplified using the pair 5:6. C. Matrix of mutational effect synergy between the 36 pairs. effect strength A B 1,2 1,3 1,4 1,5 1,6 1,7 1,8 1,9 2,3 2,4 2,5 2,6 2,7 2,8 2,9 3,4 3,5 3,6 3,7 3, 8 3,9 4,5 4,6 4,7 4,8 4,9 5,6 5,7 5,8 5,9 6,7 6,8 6,9 7,8 7,9 8,9 Synergy high 9 4,5 4,6 4,7 4,8 4,9 5,6 5,7 5,8 5,9 6,7 6,8 6,9 7,8 7,9 8,9 - 
